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SUMMARY

The expression for the distribution of the between groups sum of squares is
‘obtained as a linoar combination of central chi-squares and hence that of the
estimator of group variance component, in one-way unbalanced random. classi-
fication. The rth cumulant of the group variance component estimator is
derived in terms of trace of a power matrix, whose elements depend only on
_group sizes. BN '
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Introduction

In balanced situations, the compenents sums of squares are distributed
independently as some constant times chi-squares for normal popl_ﬂation's.
_ When group sizes are unequal, the non-null distribution of the between
groups sum of squares in one-way random classification, is not a constant
times chi-square. Hence, under unbalanced situations, the distribution of
analysis of variance estimator of the group variarce component is not a
linear combination of two central chi-squares as the case with balanced
- situations. However the estimator can be expressed as a linear combina-
tion of many central chi squares some of them with negative coefficients

( Harvﬂle, f4]). , :
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For the one-way classification Crump [2] and Searle [10] give separate
expressions for the variance of the between groups variance component -
estimator with some typographical errors. The expressions' for higher

" order moments are not yet available in the literature. In this paper we
obtain an expression for the analysis of variance estimator of the group
variance component as a linear combination of independent central chi-
square variables in one-way unbalanced random classification. Using
these expressions we derive the rth cumulant in general and first four
moments as special cases, for the group variance component estimator.

2. Distribution of Components Sums of Squares
The jth observation in the ith group Yy, in one-way unbalanced classn-
fication, is represented by an equation. ‘
Y() =m + a; + és, ’ (2'1)

kA -
(j=1,2,...n.-, i=12...,k _zln,-=1v),
L=

where m is the grand mean (fixed), as, effects due to groups, areiid
normal with mean zero and variance ¢2; e, error variables independent

of ai, are iid normal with mean zero and variance o2; n is the ith group

_size; k is the number of groups and N is the total number of observations.
Here o2, the group variance, and o2, the. error variance, are known as

variance components of the model (2.1).
The between groups sum of ¢ squares, SSB, is defined by

SSB = z n (Y5 — Y)’ : ' (2.2)
=1
whére
.3 1 k
Yi= — zl Yy and Y = N zlm Y,
J= I=

are the means.

Using the model equation (2.1), SSB in (2.2) can be written as
k .

SSB= X _n.(a;—i—e(—a—e)’

i=
where

B &
=TZ Tv—zn‘e(

i=1



“and @ =
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i
i=1

LS ma
N 1 aq.
Let Z; = a4 + &, then SSB becomes

SSB = 2 n (Zc Z)'

= g’ Mg (say), : - (2.3)
where :
’ | k .
Z=.7v- z mz, Z'=(Z,...,Z
i=1
and ' .
= (my;) With ‘my = » ‘ (2.42.
_un, ; .
N )‘ . i #J

It can be seen that, under the.assumptions laid down in ' model (2.1), Z
is a multivariate normal vector with mean as null vector and -variance
covariance matrix, as a diagonal matrix ¥, given by"

2 2
V= d/u,('a—l,.;.',g&).'.
n

1 L
with o} = 62 4 p; o2
" Let Ay, A, . 7\:_1 are the non-zero’ charactenstlc roots of matrix
U= VM, then (2.3) can be oxpressed as (sce Box, [1])
k—1

Z Al U" - (2-5)

$SB =

t :
where Uh, ..., U, are the iﬁdependent .chi-squares’ each with single
degrees of freedom

By clementary matrix operations for the determinantal equatlon
| U~ AI| = 0-and following Lamotte [7], the characteristic roots A, of
the matrix U can bo expressed as

A=A o022 ‘ o (2.6)
where o

WN(=1,2...k—1),are the non-zero roots of the matrix M(ZA),



80 . JOURNAL OF THE INDIAN SOCIETY OF A(_}RI'CUL,TURAL snnsncs

whose elements depend on group sizes only Now using (2 6), the expres-
sion for SSBin (2 5) becomes

ssB= '3 U Q) % + o) @
=1 -

where the non zero characteristic roots A} of M are exclusively functions

of group sizes. :
It is known that, under the assumptions laid down in the model 2.1),
the within groups sum of squares ’

) k n; C—
SSE = 2% jzl (Y — ¥i)?

is distributed as _ ; ‘
XN — k. : _ (2.8)

Singh [12] has used the expressions (2.7) and (2 8) to derive the non-
null distribution of ANOVA F-ratio and whence the probability of getting
negative estimates of the group variance component estimator in a two
variance components model. The next section uses these expressions: for
deriving the moments for the estnmator of the group variance component,
o2, in the model (2.1).

3. Moments of the Group Variance Components Estimator

/ '
The analysisg of variance estimator of the group variance component o2

in the model (2.1) (Henderson, [5]) is defined by

-32__1;[ SSB_ _SSE
s KBLk—1 N—k

N

where ' ' - S

e §4]

Now using the results (2.7) and (2.8) the estimator o2 can be expressed
. as a linear combination of independent chi-squares variables as given by

k=1 o 2 2
\",___l_- ’\,0,2,+Ue o, s
_ ."a“'kl[Z k=1 U~ m—x T

=1

IIMa-

-1
- z A Ui, say o (3.2)
=1 ‘ ' ‘ -
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I3

) Aok 4 o2 ' T o
m—, »t‘—l,2,...,k-.—‘l
2\‘=,_ o2 ' ‘ ’

and Uy, U,, .. UN_I, aré mdcoendent ch1 -squares each with smgle
degree of freedom ,

The expressxon for the rth cumulant of 02 (3.1) can be, obtamed as
' (see Box [1] theorem 2. 2)

= [ r-1 Z (Ax)f .

L k=l o + a2 o '
[t e

tdxpanding the term (A7 o2 + 02)’ by the bmomlal expansion and re-
arranglng it, we get

- l_;v{r = 2r—:k[1;r~—_ l [ (k _i 'l)r'lg ( )(al)f z .(7(#)4 (02)1'—-1

t=1 '
: (o 2)" 2h :
+ (=) W ' (‘3-3)
By usi‘ng the rélation of Box [1] 4
. k—1 . - . -
E =t r>1 , (3.4)
=1

where ¢, denotes trace of a matrik, the expressign for k{, in (3.3)‘, becomes-
2r1 l r—1 r 1 4 <r : .
= S 2 "’ 24 [ 4
e o j; (5 ) o M

g +<c2>' (——‘1—)— + —‘:%)—I 6y

’ The sxmpllﬁed form of k;, the rth’ cumulant of og, given in (3 5) above,

has been derived with the help of the result (2:7) which has been obtain- .
ed using the relation (2.6) of characteristic roots.

The result 2.7), for distribution of SSB, has made the bmomlalA
expansion apphcable in 'separating out the group variance component
02 and the error varlance component oZ from the variance covariance
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matrix, Now the value of moments/cumulants for o2 for any order can be
obtained from (3.5) for any value of o2 or o2 just by evaluating the trace

of the power of the matrix M. As the elements of M are functions of
- group sizes only, so there is no need of evaluating the trace of the power
matrix for each value of the variance components, 02 or o2, respectively

for computmg the moments of ol

The first four cumulants of oa, obtamed from (3.5) are given by

k1=°'2

=3 (F) el ha=nt klz(:cz +(7Ti k=it

o= o[ e () R

+3 () + (F) 6]

k.=,48[(77?)('(k_11)a + (N — k)a) + 4( ) ;E @_t—g‘
o (Rt s B e

02 & t, M4
(3] o
where f- (M)* for r = 1,2, 3,4...can be obtained from (2.4)

and

t, M= N-—EnZ/N

= kl (k - 1)1

thﬂé[(.zkli

i=1"

t, M3 =
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and-

| | nn’z | ..k" 2 \?
-._,,M‘—zz' (w4 m= 3 )

i=1i=1 _ I
+ z n4(1 + 2. z 3 —4—). - .'(5._7);'

The central moments of 0'2 can now be obtalned from (3.7) above, with '

the followmg relations - } :
= k’, p’a = k3 and p“ = k4 + 3k2 ~ (3.8)

Leone and Nelson [8] and Leone et al. [9], while investigatihg empiri-
cally the sampling distribution of the variance components estimators
in nested designs, found that for normal populations the Pearson type III
curves are suitable for approximating the distribution of variance com-
ponents estimators. Using the moments of the components sums of -
squares in one way ANOVA model David and Johnson [3] have approxi-
mated the distribution of a linear combination of sums of squares corres-
pond, in general to curves of Pearson type IV to study the effect of non-

. normality and heterogeneity of variance on tests of general linear hypo-

thesis. Similarly, the moments expressions (3.6) can be used to approxi-.
mate the- samplmg dlstrlbutlon of the group variance correspondent
estimator c” (3.1) to a suitable curve. The other use of these moments -
can be for estlmatmg the sampling error or the efficiency of the estlmator

02 )
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